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ABSTRACT 

We present a tentative formulation of theories of gravity with suitable matter con- 
tent, including in particular pure gravity in D dimensions, the bosonic effective 
^ ' actions of M-theory and of the bosonic string, in terms of actions invariant under 

■ very-extended Kac-Moody algebras We conjecture that they host additional 

degrees of freedom not contained in the conventional theories. The actions are 
constructed in a recursive way from a level expansion for all very-extended alge- 
bras They constitute non- linear realisations on cosets, a priori unrelated 
to space-time, obtained from a modified Chevalley involution. Exact solutions are 
found for all Q~^^~^ . They describe the algebraic properties of BPS extremal branes, 
Kaluza-Klein waves and Kaluza-Klein monopoles. They illustrate the generalisation 
to all Q^^^ invariant theories of the well-known duality properties of string theo- 
ries by expressing duality as Weyl invariance in Q^^^ . Space-time is expected to be 
generated dynamically. In the level decomposition of E^^^ = En, one may indeed 
select an representation of generators Pa which appears to engender space-time 
translations by inducing infinite towers of fields interpretable as field derivatives in 
space and time. 



^Research Associate F.N.R.S. 



1 Introduction 



String theories, and particularly superstrings and their possible unification at the non- 
perturbative level in an elusive M-theory, are often viewed in the double perspective of a 
consistent gravity theory and of fundamental interaction unification. Matter degrees of 
freedom relevant for the unification program are identified with the huge number of degrees 
of freedom present in the string modes. Consistency with quantum gravity requirements 
at the perturbative level and impressive theoretical successes, among which the evaluation 
of the statistical entropy of near extremal black holes PP is probably the most significant, 
seem to indicate that the string-M-theory approach contains elements of a consistent 
theory of gravity and matter. 

The project however stumbles when confronting gravity at the non perturbative level. 
Our point of view is that, although the introduction of the new degrees of freedom in 
string theories is essential and constitutes a clue of a correct computation of the black hole 
entropy, some new physical ingredient, which is to some extend foreign to the unification 
paradigm, is needed to cope with gravity. The present work is an attempt to uncover 
such ingredient. 

We take advantage of two different trends. 

The first one is the interpretation of the well-known symmetry of the scalar cosets 
emerging in the dimensional reduction of gravity, suitably coupled to forms and to dila- 
tons, as a remnant of a much larger symmetry of the full covariant and gauge invariant 
original theory. Coset symmetries were first found in the dimensional reduction of eleven- 
dimensional supergravity [2. but appeared also in other theories. They have been the 
subject of much study, and some classic example are given in 0. In fact, all simple 
maximally non-compact Lie group Q could be generated from the reduction down to 
three dimensions of suitably chosen actions [4^. It was conjectured that these actions, 
or some unknown extension of them, possess the much larger very-extended Kac-Moody 
symmetries Q^^^ . Q^^^ algebras are defined from the Dynkin diagrams obtained from 
those of Q by adding three nodes One first adds the affine node, then a second node 
connected to it by a single line and then similarly a third one connected to the second. 
These define respectively the affine Kac-Moody algebra the overextended and very 
extended Lorentzian Kac-Moody algebras Q^^ and Q^^^ . The conjecture of a Q^^^ sym- 
metry originated from the study of generalisations to gravity and to form field strengths 
of the considerations which produced the scalar cosets. The invariance of the dimen- 
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sional reduction to three dimensions of 11-dimensional supergravity would be enlarged to 
Eg^~^ = Ell, as first proposed in reference jB]. Similarly the effective action of the bosonic 
string would have the symmetry -D^"^^ = ^27 A^'^'^ was also proposed [7| for pure 
gravity in D space-time dimensions. It was then shown that some solutions of general 
relativity and dilatons form representations of the Weyl group of Q~^^~^ for all actions S, 
which dimensionally reduced to three dimensions lead to a Lie group Q symmetry, and the 
extension to was proposed in general jH]. In a different development, the study of 

the properties of cosmological solutions in the vicinity of a space-like singularity, known 
as cosmological billiards , revealed an overextended symmetry Q^~^ for all Q [TIH ITT] . 

The second one stems from the remarkable attempt to recover, in the case of M- 
theory, the bosonic equations of motion of supergravity out of the overextended symmetry 
Eg^ = EiQ ^. An i?g^^-invariant Lagrangian was proposed jT2]- It was built in a recursive 
way on the coset Eg'^/K'^'^, where K~^^ is the subalgebra of Eg'^ invariant under the 
Chevalley involution, by a 'level' expansion in terms of the subalgebra Ag. The level of 
an irreducible representation of Ag counts the number of times the special root an in 
the Dynkin diagram of Eg^ (that is the Eg^^ diagram of Fig.l with the node 1 erased) 
appears in the decomposition of the adjoint representation of Eg'^ into Ag representations. 
The theory was formulated as a perturbation expansion near a space-like singularity and 
checked up to the third level. The supergravity fields were taken to depend on time only. 
Space derivatives were supposed to be hidden in higher level objects, together with new 
degrees of freedom hopefully related to the Hilbert space of superstrings. 

The overextended Q~^^ leaves out naturally time as the special coordinate, which was 

explicitly introduced in the non-linear realisation of Eg^ . Here, we will formulate a Q^^^ 

invariant theory by putting all space-time coordinates on the same footing by defining 

a map to Q^^^ of a world-line a priori unrelated to space-time. The latter should then 

be deduced dynamically. Such an approach to gravity and forms, if successful, would 

dispose of the need of explicit diffeomorphism invariance or gauge invariance. All such 

information should be hidden in the global Q^^^ invariance. Although it may seem that 

global symmetries cannot contain local symmetries, in particular in view of the celebrated 

Elitzur theorem ^1], this need not be the case in view of the infinite number of generators 

of Q^^'^ . We formulate the Q^^^ invariant theory from a level decomposition^ with respect 

^In the context of dimensional reduction, the appearance of Eiq in one dimension has been first 
conjectured by B. JuHa [T^ . 

^Level expansions of very-extended algebras in terms of the subalgebra Ajj^i have been considered in 
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to a subalgebra A^i.i where D turns out to be the space-time dimension. Our formulation 
is exploratory and does not pretend to be a final one. No attempt is made to cope with 
fermionic degrees of freedom and we limit here our investigation to the classical domain. 
Note however that the very fact that the theory is not formulated in space time and that 
it rests on a huge symmetry opens new perspectives for the quantisation procedure. 

To test the validity of our approach, we derive and discuss exact 'BPS' solutions of the 
g+++ invariant action and compare them to BPS solutions of maximally oxidised theories 
discussed in [T7]. We obtain in this way the full algebraic structure of the BPS solutions 
of these conventional actions and put into evidence their group-theoretical significance. 
This approach does not yield direct information about their space-time behaviour but 
we find indications on how space-time can be encoded in the Q^^^ invariant theories. 
One can indeed select in the level decomposition of E^^^ = En an Aiq representation of 
generators Pa that appears to engender space-time translations. A more detailed analysis 
of a dictionary translating the content of Q^^^ into space-time language is differed to 
a separate publication [18J. Also the relation between our approach and the 'hamilto- 
nian' overextended ^"'"^-theories, in which time is explicitly introduced, will be discussed 
elsewhere [Til] . 

The paper is organised as follows. In Section 2, we construct in a recursive way, for any 
Q^^'^, an action invariant under non-linear transformations of Q^^^. The action is defined 
in a reparametrisation invariant way on a world-line, a priori unrelated to space-time, in 
terms of fields 0(^) where ^ spans the world-line. We use a level decomposition of Q^^^ 
with respect to its subalgebra A^^i where the integer D is related to the rank of Q^^^. 
The fields (f){^) live in a coset space Q~^~^~^ / K~^~^~^ where the subalgebra K'^~^'^ is invariant 
under a 'temporal involution' which is different from the often used Chevalley involution. 
The temporal involution preserves the Lorentz algebra SO{D — 1, 1). As a consequence, 
the action is Lorentz invariant at each level and all fields, which can be transformed 
between themselves by general Q^^^ transformations live on a coset GL{D) / SO{D — 
1,1). This allows the identification of each ^-field to a field defined at a fixed space- 
time point, independently of S,- In Section 3, we find exact solutions of our invariant 
action for all Q^^^ . These completely define the algebraic properties of extremal BPS 
branes, Kaluza-Klein waves and Kaluza-Klein monopoles (Taub-NUT space-times) ^Zj 
and the motion in ^-space is consistent with a motion in the space of solutions. The 
transformations under the Q^^^ Weyl group of these solutions put into light the generality 
of duality transformations which are often considered as characteristic of string theories 
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and supersymmetry j2nj|^|221- The only element missing is the space-time dependance 
of a harmonic function entering the space-time description of the solutions. However, 
we find indications that space-time properties are included in higher levels. An Aiq 
representation, possibly related to space-time translations by inducing infinite towers of 
fields interpretable as field derivatives in space and time, is exhibited for Eg^~^ = En at 
level seven. In the concluding section 4, we summarise and discuss our results. Detailed 
computations, in particular of Weyl reflections in all Q~^~^^, and illustrations of the step 
operator transformations as duality transformations in Eg~^^ are given in the Appendix. 



2 Non-linear realisation of very extended algebras 
2.1 Preliminaries 

Theories of gravity in D space-time dimensions coupled to q scalar 'dilatons' and j9/-form 
field strengths exhibit, upon dimensional reduction to three space-time dimensions, the 
global symmetry GL{D — 3) x f/(l)^ of deformations of the compact {D — 3) torus and of 
dilaton field translations. For well chosen D,pi,q and dilaton couplings to the p^-forms, 
the group GL{D — 3) x U{iy of rank [D — 3 + q) in enhanced to a simple maximally 
non-compact Lie group Q of the same rank. The scalar fields of the reduced Lagrangian 
form a non-linear realisation of Q. They live on the coset space^ Q /Ti. where 7i is the 
maximal compact subgroup of Q. 

For each group Q, we select a maximally oxidised theory^, that is a theory that is 
not the dimensional reduction of a higher dimensional one and has the symmetry Q when 
reduced to three dimensions |3]. We write the corresponding Lagrangian as 



S = — mT / d^Xy/^ 



2„tl^ 2 Yp/! 



u=l 



+ C.S., (2.1) 



where C.S. represents Chern-Simons terms that are required for some groups Q. The 
relation between D,q and Q is summarised in Table I. The actions Eq. (j2.H) include the 
theories of pure gravity for Q = A/)_3, the bosonic sector of the M-theory effective action 
for Q = Eg and the bosonic string effective action for Q = D24. 



^For a general pedagogical review see i23^. 

^We consider here only theories expressible in Lagrangian form. 
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Table I : q and D for each simple Lie group G in the reduced theory. 
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n n-1 




The nodes of the gravity hne are shaded. The Dynkin diagram of Q is that part 
of the diagram of Q~^^~^ which sits on the right of the dashed hne. The first three 
nodes define the Kac-Moody extensions. 
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We consider the real form of the symmetrisable Lorentzian Kac-Moody algebra Q^^~^ 
defined from the algebra of Q by extending its Dynkin diagram with three nodes in a line 
jH], the first one being the affine node extending Q to its affine Kac-Moody extension^. 
The Dynkin diagram of Q^^^ contains the diagram, hereafter referred to as the gravity 
line, of the subalgebra A^^i = SL{D). The algebra of GL{D) x U{1)'^, which has the 
same rank as Q~^~^^, is always a subalgebra of Q~^~^^. The Dynkin diagrams of all simple 
are depicted in Fig.l. 

We want ultimately Q^^^ to fully characterise the sjTumetry of the action S defined by 
Eq. ()2.H) . or of some more general theory. As an enlargement of the global symmetry group 
Q arising in the dimensional reduction of S, Q^^^ should also define a global symmetry. 
This poses a dilemma. The metric and the form field strengths in 5* are genuine space-time 
fields and S is invariant under the local diffeomorphism and gauge groups. How could 
a global symmetry encompass a local symmetry? The present analysis is an attempt to 
solve this dilemma by taking advantage of the infinite dimensionality of the algebra Q^^^ . 
More precisely we shall replace the action S by an action S explicitly invariant under the 
global Q^^^ symmetry. S will contain an infinite number of objects that are tensors 
under SL{D). These will comprise a symmetric tensor g^^, scalars 0" and {pi — l)-form 
potentials ^/^i^2 - /ipj-i which shall be interpreted as the corresponding fields occurring in 
Eq. ()2.H) taken at a fixed space time point. Their motion in space-time, as well as those 
of possible additional fields, is expected to take place through an infinite number of field 
derivatives at this point, encoded in other objects in S. 

We recall that the algebra of Q^^^, whose rank r = D + q, is entirely defined by the 
commutation relations of its Chevalley generators and by the Serre relations. Let Em, Fm 
and Hm, m = 1, 2, . . . r , be the generators satisfying 



Hri\ , ^Hyxii -E'n] AmnEn , 

E.^ AmnEji , [-E^m) -^ri] ^mnHm , (^■^) 

where Amn is the Cartan matrix. The Cartan subalgebra is generated by Hm-, while the 
positive (negative) step operators are the E„i {En) and their multi-commutators subject 
to the Serre relations 

[Em, [Em, • • • , [Em, E^ •••]]= 0' [Em, [Em, ■ ■ ■, [Em, En] • • •]] = , (2.3) 

where the number of Em {Em) acting on En {En) is given by 1 — Amn- 
^Throughout the paper, we use the same notation for groups and Lie algebras. 
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The generators of the GL{D) subalgebra are taken to be fT^b {a,b = 1,2, . . . , D) with 
commutation relations 

[K% K'^,] = 51K\ - S^,K% . (2.4) 

The Cartan generators Hm in the Chevalley basis are hnear combinations of the i^^a and 
of the abehan generators Ru {u = 1,2, ... ,q). The Cartan generators corresponding to 
the gravity hne are given by Hm = K"^ — K^^^ with m = 1 . . . D — 1. We shall see how 
to express the positive and negative step operators and {E-[^) as SL{D) tensors. Here 
Ea designate the Em and all the generators obtained from them by multi-commutators, 
up to a multiplicative normalisation factor. E-[^ designate the generator obtained by 
substituting in E^ all E^ by F^. and taking the multi-commutators in reverse order. 
Their normalisation factor is chosen so that the invariant bilinear form in Q^^^ [24^ is 
normed to 

{Eas, E^pt) = ^st Saf3 , (2.5) 

where s and t label possible degeneracies of the root a. 

The positive (negative) step operators in the Ad_i subalgebra are, from Eq. ()2.4|) . 
the K^-h with b > a [b < a). They define the level zero step operators of the Q'^^^ 
adjoint representation. The positive (negative) levels of the adjoint representation of 
Q^^^ are defined as follows. One takes a set of q non-negative (non-positive) integers, 
excluding q zeros, where q is the number of simple roots of Q^^^ not contained in the 
gravity line. The q integers count the number of times each such root appears in the 
decomposition of the adjoint representation of Q^^^ into irreducible representations of 
A]:,_i. Positive (negative) levels contain only positive (negative) roots and the number 
of irreducible representations of Aj:,_i at each level is finite. All step operators may be 
written as irreducible tensors of the A^^i subalgebra of Q^^^ . Their symmetry properties 
are fixed by the Young tableaux describing the irreducible representations appearing at 
a given level. Iterative procedures to compute the step operators at any level can be 
devised. They build, together with the Cartan generators K"'a (o = 1)2, ...,-D) and 
Ru {u = 1,2, . . . ,q), the full content of the adjoint representation of Q^^'^ . 

The commutators of all step operators are generated by the commutators of step 
operators corresponding to simple roots. At level zero these 'simple step operators' are, 
from Eq. (j2.4j) . the -ft'^a+i {a = 1,2, . . . ,D — 1). Those not contained in the gravity line 
are components of tensors occurring at low levels. Tensor transformation properties are 
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given by 

[K\. = 5?^...!.:" + • • • + ^tRd^.X'' - SIK.Z-'' ^IRdJi-"' ■ (2.6) 

For instance, we see from the E^^^ Dynkin diagram in Fig.l, which characterises M- 
theory, that the only non-gravitational simple step operator occurs at level one and is 
associated to the root an. The only Aiq representation at that level is a third rank 
antisymmetric tensor R"-'^'^. This is of course to be expected as the 'electric' root an is 
generated in the dimensional reduction by a 3-form potential in the action Eq. ()2.1|) . One 
has thus 

[KX R^fa^ = 51R''^^ + 5lR^^3 + dlR^f" , (2.7) 

and from the Chevalley relations Eq. ()2.2|) one easily identifies the simple step operator 
at level one as R^^^^^ . In general, when q dilatons are present in the action the rank 
of Q^^^ is D + q. The q abelian generators i?„ of its subgroup GL{D) x U{1)'^ have non 
vanishing commutators with the tensor step operators _R"i"2-- ar associated to electric or 
magnetic simple roots. In dimensional reduction, these arise from r-form potentials where 
r = Pi — 1 for an electric root and r = D — pj — 1 for a magnetic one. We can read off 
their commutation relation, in the normalisation given for the dilaton in Eq. ()2.H) . namely 

where e = +1 for an electric root and —1 for a magnetic one jH|. Eqs. (|2.4j) . (j2.6p and 
()2.8|) allow to express all step operators associated to the simple roots of Q^'^^ and their 
commutations relations with the generators of the Cartan subalgebra as A^^i tensors. 
These are listed in Appendix A for all simple algebra Q^~^^. By multiple commutators 
and reduction at any level into suitably normed irreducible A^^i tensors, one may in 
principle, recursively, list the positive step operators at any level. 

To switch from positive K^t {b > a) step operators to negative ones it suffices to 
interchange upper and lower indices. Writing the negative of Rd-^^^^d^'^'' as -R'^^'cflc,., o'ls 
verifies that the correct tensor transformations of the negative step operators follows from 
those of the positive ones by writing the commutator Eq. ()2.6|) in reverse order, namely 
[R'^^--^'' ^^,K^a\. One may then form all negative step operators by writing the multi- 
commutators of the simple roots defining the positive step operators, interchanging in 
each simple step operator upper and lower indices, and taking the multi-commutators in 
reverse order. In this way the bilinear form Eq. ()2.5|l becomes 

R^'-aU.) = C • • • ■ ■ ■ ■ (2.9) 
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2.2 The temporal involution and the coset space Q^^^ / 
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The metric g^y at a fixed space time point parametrises the coset GL{D) / S0{D — 1, 1). To 
construct a Q~^~^~^ invariant action S containing such a tensor, we shall build a non linear 
realisation of Q^~^^ in a coset space Q^^^ / K^^^ where the subgroup K'^^^ contains 
the Lorentz group SO{D — 1, 1). We use a recursive construction based on the level 
decomposition of Q~^^^. As at each level the SO{D — 1, 1) invariance must be realised 
for a finite number of generators, we cannot use the Chevalley involution to build the 
coset Q^^^ / K^^^ . Rather we shall use a 'temporal' involution from which the required 
non-compact generators of K^'^'^ can be selected. 

The 'temporal' involution is defined in the following way. For the generators of the 
Cartan subalgebra we take, as in the Cartan involution, 

K\^-K\ R^^-R^^ (2.10) 

or equivalently in the Chevalley basis 

Hm^-Hm, (2.11) 

The simple step operators are mapped according to 

Here is expressed as a Aj:,_i tensor and as the tensor with upper and lower indices 
interchanged, is defined as +1 if the number of '1' indices (that is the number of 
time indices) is even and (-1) otherwise. It is straightforward to verify that the Chevalley 
presentation Eq. ()2.2p is preserved under the map given in Eqs. ()2.11|) and ()2.12|) . 

Any positive step operator E^s is expressed (up to a normalisation constant) as 

E^, = [Eg,[Eg_i,...,[E2,Fi]...]]. (2.13) 

Under the map Eq. ()2.12|) one gets 

Eo^s ^ {-iyeie2...eg^ieg[Fg,[Fg^i,...,[F2,Fi]...]] 
= (-1) eies . . . e,_ie, [[. . . [Fi, F2], . . . , F,] 
= -e„FT„,. (2.14) 

As seen from the previous discussion, the negative step operator E'^^^ is obtained by 
interchanging upper and lower indices in Eas- The factor is ±1, according to the 
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parity of the number of time indices occurring in E^s (or in E'^^). Clearly all commutation 
relations in are preserved under the mapping Eqs. ()2.1H) and ()2.12p . and so is its 

bilinear form, as seen from Eq. (j2.5p and (j2.9p . This mapping constitutes an involution 
that we label the temporal involution. We define the subgroup K~^~^^ of Q^^^ as the 
subgroup invariant under this involution. Its generators are 

E^s-eo^El^^. (2.15) 

K^^^ contains the Lorentz group SO{D — 1,1) and all generators with ea = —1 are 
non-compact ^. 

2.3 Non-linear realisation of in 

We will follow a similar line of thought as the one developed in reference ^2] in the context 
of Eg^. Consider a group element V built out of Cartan and positive step operators in 
It takes the form 

V = exp(5: V^'a - E rRu) expiY. -i-,A,X-'''R'''-t..a. + ■■■)• (2.16) 

a>b u=l 

We have written it so that the first exponential contains only level zero operators (i.e 
the Cartan and the level zero positive step operators) and the second one contains the 
positive step operators of level strictly greater than zero. The tensors /ij,*^, 0", "fej"'*'^; 
bear a priori no relation with the metric, the dilaton and the potentials of the pi form 
field strengths Fpj entering the action Eq. ()2.ip . However we shall see that a dictionary 
can be established relating the tensors which appear at low levels with the fields occurring 
in Eq. ()2.Hl at a fixed space-time point. For higher levels the dictionary between group 
parameters and space-time fields should arise, as discussed in Section 3 , from the analysis 
of the dynamics encoded in the Q~^^~^ invariant action S below. 

A differential motion in the coset Q'^'^^ /K^^^ can be constructed from Eq. ()2.16|) . 
Define 

dv = dVV-^ dv = V-^dV ; dv,y^ = ^{dv + dv) . (2.17) 

^The occurrence of a non-compact K^^^ invariant under the temporal involution is the infinite 
dimensional counterpart of what is happening in dimensional reduction when one compactifies the time. 
Indeed, for instance, II dimensional supergravity compactified down to three spatial dimensions gives a 
coset G/H with G ^ Es and H = 50* (16) with 5*0* (16) being a non-compact form of 50(16) with 
maximal compact subgroup U{8) |25| . 
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Here V is obtained from V by the map obtained by flipping the sign in the RHS of 
Eqs. ()2.11|) and ()2.14|) . namely Hm ^ +Hm and Eas ^ +^aE^as- -^^ ^'^ 
are differentials in the Lie algebra, dvsym contains only the Cartan generators and the 
combinations of step operators E^s + ^aE^as- Hence it defines a differential motion 
in the coset Q^^^ /K^^^. This linear combination of step operators takes the form 
Rd^lds"'^ + Cci • • • ec,edi • • • (^d^R'^^'lt-cr where = -1 if a = 1 and ea = +1 otherwise. 

To construct the action S we wish to map a manifold Ai into Q^^^. We do not want 
to take for a space-time manifold, as this might require the explicit introduction of 
local symmetries which we hope to be hidden in the infinite algebra of Q^^^. We shall 
take for A4 a one-dimensional world-line in ^-space, i.e. dVsym = ^ss/m(0'^^- Here no 
connection is imposed a priori between ^-space and space-time. 

A reparametrisation invariant action is then 

where V(^) are the group parameters appearing in Eq. ()2.16|) that are now fields dependent 
on the variable C,, and n{C,) is an arbitrary lapse function ensuring reparametrisation 
invariance on the world-line. The 'trace' ( ) means the invariant bilinear form on [21] 
which can in principle be computed in the recursive approach. It ensures the invariance 
of the non-linear action S defined on the coset space / K^'^'^ under global Q^^^ 
transformations. 

We now compute the level zero of the action Eq. ()2.18|) . that is the terms generated by 
K^a — ^) S'^d Ru in V. Writing dv = v{^)d^, one obtains from Eqs. ()2.16|) and ()2.17|) 
the contribution of the level zero to VsymiOy 

v'symiO = -7;T.[e\-7r)]>^''iK'a + ^ae,K\) - , (2.19) 

where h is triangular matrix with elements . We now evaluate {{v^sym)'^)- The invariant 
form in Q^^^ for the Cartan generators is given by |H] 

{KlKl) = Ga, with G = Id-\^d , {RuRv) = \Su,. (2.20) 

where S^i is a D-dimensional matrix with all entries equal to unity. For the step operators 
we have 

{K\K\) = 5l5t a>b. (2.21) 
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The e-symbols defining the temporal involution allow the raising or lowering of the a, b 
indices of the ^-fields multiplying the negative step operator in (f °j^m(0'^sj/m(0) "with 
the Minkowskian metric rjab ■ This ensures that this expression is a Lorentz scalar. We 
get thus the Lorentz invariant action at level zero, S^, using Eqs. (j2.2Uj) . (j2.2H) and the 
triangular structure of h, 



5(0) 



de~^ 



d^ 



di 



d^ 



di 



(2.22) 



where the summation is performed over Lorentz indices. Note that the lower indices of 
and the upper indices of cannot be lowered or raised by the Lorentz metric. To 
avoid confusion we label these indices with greek letters, namely we define 'vielbein' 



-h\ a 



^fj. Vab 



(2.23) 



Although we have not yet introduced a space-time, we shall name the a indices fiat and 
the /i indices curved. As a result of the temporal involution and of the scalar product ( ) 
in Q^^^, the flat-index tensors have been endowed with a Lorentz metric while curved- 
index tensors define a metric in GL{D)/ SO{D — 1, 1). Hence, for any ^, we are allowed 
to identify g^uiO Eq. (j2.23|) as the metric tensor in 5*, Eq. (j2.ip . at a fixed space-time 
point. 

Using Eq. (j2.23|) . one can rewrite the action Eq. (j2.22j) with flat or curved indices as 



5(0) 



5(0) 



or 



d^ 
d^ 



n{0 
1 



dp dp 



.dp, 



di ' di 



di ' 
dgaa dgy 



dp ^ ^ 



2^ ^ ' d^ d^ 



d^ 



E 



u=l 



(2.24) 



(2.25) 



^1 di J 

At higher levels, the tensors multiplying the step operators couple nonlinearly to the level 
zero objects and between themselves. The coupling to the metric and to 0" can be formally 
written down for all levels, but the self-couphng of the Af,^ '^^^^' "'^ depend specifically on the 
group Q. 

Consider a general A^^i tensor ^'^^^ parametrising a normalised step operator 

with the K^^ are given by the tensor 



^b....hs 



The commutation relations of «^i - ar 
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transformations as in Eq. ()2.4|) and ()2.6|) and those with have the form 

[^.,^6...t"1 = A„i?,,.l-'^^. (2.26) 

Here Xu = J2 Xu,i where the A„^j are the scale parameters of the simple step operators 
entering the multiple commutators defining i?^^ This property follows from the 

Jacobi identity. Identifying for simple step operators Xu,i with —eaJ/2 in Eq. ()2.8p we 
may identify for any ^ the in <S, Eq. (j2.18j) . with the dilatons fields in S, Eq. (j2.1|) . 

at a fixed space time point. The particular multiplying the step operators 

belonging to the subgroup Q can be similarly identified to the corresponding potential 
forms in S along with their duals. 

It is straightforward to compute the contribution f "^^^ to f of a given tensor when 
commutators of the -R^^ "h^""'' between themselves are disregarded. On gets 

^^^^ = zhdA^..':^-^^ exp(- ^ A>-) . . . ej:^ej[^ . . . ej'; R.^X-"' ■ (2-27) 

The contribution iSq^'' of v^^^ to the action S is computed as previously and one gets 



1 f 1 



2 J ^niO 



(2.28) 

The full action can only be approached in a recursive way. In Sq^\ one must replace 
derivatives by non linear generalisations to take into account the non vanishing commu- 
tators between tensor step operators. We represent such terms by 'covariant' derivatives 
symbol D/DC,. There evaluation is group dependent. As an example we give the covariant 
derivative of the 6-form appearing at level 2 in E^^'^. One has, as in Eg^ [T^ . 

D d A d A 

Formally the full action S is 

5 = 5(°)+^5(^), (2.30) 



5(A) = - fd^4 
2 J ^nU 



n{0 



— exp(- 2X-r)^^9'^''^- 9'^''^9uW,- 



where the sum on A is a summation over all tensors appearing at all positive levels in the 
decomposition of Q^^^ into irreducible representations of A^^i. 
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One may expand S given in Eq. ()2.30|) in power of fields parametrising the positive 
step operators. Up to quadratic terms, the resuh S^'^^ is obtained by retaining in t>(^) 
terms independent or hnear in these fields. Define the one-forms [dA] and the moduli p^"-* 
(or p^'^)), as in Pini, by^ 



q 

u=l 



exp(-5:A"0")e,f ...e,^'-e,^..e 



[dA] 



bi.. 



d^ 



d^ 



de.!" def dp^"') 



(2,31) 

where e means that only the diagonal vielbein are kept. Taking into account that in 
Eq. ()2.24|) . only the first term in the right hand side contains non diagonal elements of the 
vielbein, we get 



di 



n{0 



D 

E 



dp 



(a) 



1 



D 



dp' 



(a) 



.t^: ' 2\tl di 



^2^ ^ di 2r\s\^ di di 



(2.33) 



where the superscript (1) in the vielbein term indicates that only terms quadratic in 
hb" (a > h) are kept. In the next section we shall produce solutions of the action Eq. ()2.33j) 
which are exact solutions of the full action Eq. p.30p . 



3 BPS states in ^+++ 

3.1 Extremal brane solutions of the oxidised actions S 

We first recall how closed extremal branes are obtained as solutions of general relativity 
coupled to forms in the oxidised theories described by the actions Eq. ()2.1|) . For simplicity 
we restrict ourselves to one dilaton. One considers the diagonal metrics 

ds^ = -e^p'^Ur^ + e^P'-'^'idx^^f + ^P'''''^"\dy^f , (3.1) 

/i=2 A=l 

where label the p compact coordinates. The functions (a = 1,2,.. . D) depend 
only on the transverse coordinates x^ in the non-compact dimensions and allow for multi- 
centre solutions. We choose p > Qa where qa is the dimension of the brane. If qa < p, we 

^We can indifferently label the moduli by a curved or a flat index, as it is uniquely defined by the 
diagonal vielbein in the triangular gauge once the 17^,^ have been chosen. The position of this index as a 
subscript or superscript is then a matter of convention and has no tensor significance. 
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take a lattice of g^-branes in the compact directions transverse to the brane and average 
over them. Here qa designates either an electrically charged g£;-brane with respect to the 
form p/-form field strength Fp^, or its magnetic dual gjvj-brane. 

One choose the ansatze for electric and magnetic branes 

Electric : Arx,...x^^ = erx,...x,^EE{{x'}) , (3.2) 
Magnetic : i.A,...A,,, = erAi...A,,,^M(K}) , (3.3) 

where A is the (magnetic) potential of the dual field strength F defined by 

V y {D-pi)\ v^-VD-v, V ; 

Extremal brane solutions of the coupled Einstein's equations, dilaton and forms are given 

by m 

(1) _ D-qA-'i 
Pa in Ha , 

(m) _ U + ^ 1 rr 

Pa - ^ in Ha , 

(D-p+X) _ (^A .TT 

Pa - in Ha , 

D — 2 

4>A = ^ EAalnHA, (3.5) 



where Ha{{x'^}) is a harmonic function related to the Ea by Ha = y'^iD — 2)/^Ej^ 
and 

A = (g^ + 1){D - - 3) + \\{D - 2) (3.6) 

is invariant under electric-magnetic duality because Qm = D — qe — 4. In Eq. ()3.5|) 6a^ = 
— {D — g^ — 3) or (g^ + 1) depending on wether is parallel or perpendicular to the 
g^i-brane. The factor sa is +1 for an electric brane and —1 for a magnetic one. The 
harmonic functions Ha{{x^}) allow for parallel branes and are given (for D — p > 3) by 

HA=l + y^-, ^^7^ ^, (3.7) 

where the label the positions in non-compact space-time of the branes with charge Qk. 
The solutions Eq. ()3.5|) satisfy |T7j 

(p + 3 - D) # = + p^f /X = 2, p , (3.8) 

A=l 

15 



and, using Eq. ()3.8p . one verifies the differential relation 

E(rfp?v - kj: dp^A^r + kd^p^r = ^{dinn^r . (3.9) 

We will now show how the result Eqs. ()3.9p characterising extremal branes, that is 
BPS configurations, are related for any Q to exact solutions of the nonlinear action 

of Section 2. The group properties of these solutions, as well as their interpretation as 
dualities in a very general context encompassing the familiar properties of string and 
M-theory, will emerge from these exact solutions. 

3.2 BPS states as exact solutions of the Q^^^ actions S 

We shall look for solutions of the equations of motion derived from S and containing only 
one y4(^)-field, or one non-diagonal /;,(^)-field, with given indices. For such solutions, we 
may disregard all non-linearity in the step operators. We shall prove this statement for the 
A-fields and hence also for the non-diagonal h{^)-field. The latter solutions will indeed 
follow from the former by Weyl transformations. First consider the non-linear terms 
arising from arising the 'covariant' D-derivatives in Eq. ()2.30|) . We label X the particular 
yl-field component considered. We note that all terms in DA^^ '^li.^''^" are products of 
fields such that the sum of the levels of the factors in each term is equal to the level of 
^fii '^li.r'^" ■ From the ordering of factors in the group element Eq. ()2.16|) . we see that all 
the fields contained in the 'covariant' derivatives are characterised by a level greater than 
zero. Consequently potentially dangerous terms containing more than one X-factor can 
not be present in the covariant derivative of X. For such term to appear in any covariant 
derivative it must contain a factor not equal to X. We can thus satisfy safely all the 
equations of motion of the fields of level greater than zero by putting to zero all A-fields 
different from X. The only term contributing to the equation of motion for X comes 
then from dX. We still have to consider the equations of motion of the level zero fields, 
namely we have to check that the /i^" with b < a can be put consistently to zero when 
only one X-field is non-zero. This is the case as in Eq. (l2.28|) the term quadratic in dX 
couples to metrics, which are either expressible in terms of diagonal vielbeins only or are 
at least quadratic in the non-diagonal /if,". Hence it is consistent to look for solutions 
of the equations of motion of A{^) by replacing the action S by its simplified version 

Eq.dznni). 

We shall as in Eqs. ()3.2|) and ()3.3|) . consider A to be an antisymmetric tensor with a 
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time index r and r space indices coupled to a step operator of the Q subalgebra. The 
equation of motions are 



a) The lapse constraint. 

Eq. ()2.33|) . taking Eqs. ()2.3H) and ()2.32|) into account, reads 

h di ^ di ^ l^di^ 2 ^ ti!^ di ^ 

(3.10) 

Here we have taken one dilaton with scahng A = —ea/2 in accordance with Eq. ()2.8|) . 
Note that this relation is valid wether or not the magnetic root is simple, as seen 
in dimensional reduction. A crucial feature of this equation is the minus sign in 
front of the exponential. Its origin can be traced back to the temporal involution 
defining our coset space, hence to Lorentz invariance, because both magnetic and 
electric potentials have a time index. 

h ) The equation of motion for A. 
We take the lapse n(^) = 1. One gets 

|fexpM-2pW-2^i:pW]^^l^j =0. (3.11) 



c) The dilaton equation of motion. 



1 J A 

^£aexp[£a0-2pW-2 ^ pW](^lh^)2 ^ q _ (3.12) 



d) The vielbein equations of motion. 



-2^ + E^ = «7^r,A, (^ = l,2...r), (3.13) 



2^ — — - + exp[£:a0 - 2p^^' - 2 p^^'\{ y = 



a = T, A,- . 



de de .tt; " di 

(3.14) 

We take as anzatze the solutions of the extremal brane problem but with Ha an unknown 
function of H{i). Namely we pose 

= e.,^...,,\^^^^Y"H-\i)^ (3.15) 
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p(r)=pM = _ ^ ^ ^ lng(0 ; p(") = ^lni7(0 a^T,\,. (3.16) 

= ^^5aln/7(0. (3.17) 

From these equations and from Eq. ()3.6|) we see that ea0-2p(^)-2EALAiP^^^ = 21ni/(0- 
It then follows that the equation of motion for A, Eq. ()3.1H) . reduces to, using Eq. (j3.15|) . 

^ = 0. (3,18) 

Given this result, it is straightforward to verify that the anzatze Eqs. (j3.15p . (|3.16p and 
(j3.17|) satisfy the dilaton and the vielbein equations of motions. The lapse constraint 
takes the form 

Eidp^^^r - ^(E + l{d<Pr - ^{d\nHf = . (3.19) 

a=l a=l 

where the differentials are taken in ^-space. It has therefore exactly the same form in ^- 
space as Eq. ()3.9|l has in space-time. The relations Eqs. ()3.15|l . ()3.1(j|l and ()3.17|1 . together 
with Eqs. ()3.18|l and the lapse constraint Eq. ()3.19|) fully describe an exact solution of 
the full invariant action S defined recursively by Eq. ()2.30|) . We now discuss the 

significance of this result. 

The Eqs. fl3.15|l . ()3.1(ij) and ()3.17j) characterise completely the algebraic structure of 
the extremal brane solution but do not yield its harmonic character in space-time. As 
the functions Ar\j^...x^{$,), p^'^\^), P^'^'\0 and 0(^) were interpreted in the action S as 
functions at a fixed space-time point of the independent variable ^, this is a consistent 
result. The solution H = a + of Eq. ()3.18|) would then describe a motion in the space 
of solutions, for instance of branes with different charges. However the fact that we 
have exact solutions of the action S with the correct algebraic structure of the extremal 
branes, means that these solutions are only indirectly related to the corresponding space- 
time solution. One expects that the information contained in this solution, which is of 
course not contained in a trivial constant space-time solution of the Einstein equation, 
is the required information to build coupled equations to higher space-time derivatives 
encoded in higher level representations, which would then be directly related to space-time 
solutions. 

An indication that this is indeed the case is found by exploring the decomposition of 
the adjoint representation of Eg^~^ into representations of Aiq. There the fields at level 
1,2,3 are the 3- form potential at level 1, the 6- form magnetic potential at level 2 and the 



18 



dual graviton at level 3 fT^ IT3] . The corresponding step operators are R"'^'^, R^-^'^'^'^f and 
the dual gravitons Ji°-bcdefgh,k ^ They belong to the representations^ 

(0,0,1,0,0,0,0,0,0,0) (0,0,0,0,0,1,0,0,0,0) (1,0,0,0,0,0,0,1,0,0). (3.20) 

Arbitrarily high number k of field derivatives could tentatively be described by the group 
parameters (or ^-fields) of the representations 

(0,0, 1,0, 0,0, 0,0,0, A;) (0, 0, 0, 0, 0, 1, 0, 0, 0, fc) (1,0,0,0,0,0,0,1,0,^;). (3.21) 

One may verify that these indeed occur respectively at levels 7k + 1,7k + 2,7k + 3, 
although we have not proven, for k > 2, that their outer multiplicity does not vanish. 
This is however unlikely to happen as the corresponding roots are imaginary with squared 
length diverging as A; — > oo, and one expect outer multiplicities, which are already large^ 
for k = 2 to grow rapidly with k. These towers are to some extent analogous to the towers 
which appear in E^~^ modulo 3 [12], but the representations modulo 7 of Eg'^'^ may be 
highly degenerate. Hence the identification would require a selection rule to isolate the 
relevant representations. 

Such a selection rule can be imposed by taking, for instance, the non degenerate (i.e. 
of outer multiplicity one) representation 

P„ = (0,0,0,0,0,0,0,0,0,1) (3.22) 

which appears at level 7. The negative root —a = Ai of Eg^'^ corresponding to a highest 
weight in Aiq is given by (see Table 2 of [2B\ ) 

a = ai + 3a2 + Sas + 7^4 + Qas + Hag + 13^7 + ISag + lOag + 5aio + 7au . (3.23) 

Labelling by al, a\, a\ the roots of En corresponding to the highest weights of the rep- 
resentations Eq. 1)3.211) ■ one verifies the additivity relations given in the last column of 
Table II. These show that the generators of the representations Eq. ()3.21)l can be obtained 
by multicommutators^° of Pa with R'^^^, i^'^^^de/ j^abcdefgh,k ^ Thus the generators of the 
towers selected in this way could be identified with the 'derivative' representations, and Pa 
may be related to a generator of space-time translations. One then expects the functions 

^Here we follow the usual convention. The Dynkin labels of the Aiq representations are labelled from 
right to left when compared with the labelling of the Dynkin diagram of Fig. 1 . For instance the last label 
on the right refers to the fundamental weight associated with the 'time' root labelled 1 in Fig.l. 

^For k=2, the outer multiplicities for the three towers are respectively 3290, 8567 and 36067 ! |27j . 
^"We have however been unable to disprove the accidental vanishing of some relevant commutator. 
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H{^) entering the above BPS solutions to be promoted to space-time harmonic functions 
when couphng with higher levels are taken into account, at least for Eg~^^ solutions. From 
the generality of the correspondence between space-time and ^-space appearing in the ex- 
act solutions, we may hope for a related mechanism to be operative in all although 
it might be in general not identical to the one suggested here. Indeed, the existence of 
an operator of the type displayed in Eq. ()3.22j) cannot be present^^ in all Q~^^~^. Note also 
that there appears to be no direct relation between Pa, which is a generator of and 
the tentative identification of a momentum operator with a weight not contained in the 
adjoint representation of Q^^^ [3DJ, as the latter would seem to imply an extension of the 
symmetry group beyond Q^^^ . 



Dynkin indices 


level 


£^11 root 


(0,0,0,0,0,0,0,0,0,1) 


7 


a 


(0,0, l,0,0,0,0,0,0,fc) 


7A; + 1 


al = ka + al 


(0,0, 0,0, 0,1, 0,0,0, A;) 


7A; + 2 


a\ = ka + ftg 


(1,0,0,0,0,0,0, 1,0, A;) 


7A; + 3 


a\ = ka + 



Table II : Infinite towers of 'derivative' representations. 



A more detailed account of these results and of their implications for the generation of 
space-time is differed to a separate publication [TSj . 

3.3 Group theory of extremal branes, KK-waves and monopoles 

The action S is invariant under non-linear, field dependent, Q^^^ transformations. Hence 
one can generate new solutions of S from the extremal brane solution. In this section 
we shall obtain solutions which can be put in correspondence with solutions of Eq. ()2.1|) . 
thereby testing the validity of Q^^^ in this restricted domain and putting into evidence 
the group-theoretical structure of these solutions. 

We first note that the left hand side of the quadratic form Eq. ()3.9|) . or rather the 

corresponding quantity in ^-space, Eq. fl3.19p . occurs at level zero in the full Q^'^^ invariant 

^^This was pointed out to us by Axel Klcinschmidt. The periodicity argument based on the observation 
that representations at any level / occur in the direct product of representations of level one implies for 
that representations with Dynkin labels Ea. H3.22|l may occur at level I when 10 = 3Z mod 11 (or 
dual ones when 1 = 3/ mod 11). Indeed one does get such representations at level 7, 18, ... (4, 15, ...). 
(The representations at level 4 and 7 have outer multiplicity one while the outer multiplicities at level 18 
and 15 are respectively 15765 and 824 |2Z|.) For some in particular for D^^^, there are no such 

solutions to the periodicity constraint |29j . 
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action S. It appears in the first line of Eq. ()2.33|) . is equal to the bilinear form of Q^^^ 
restricted to its Cartan subalgebra, and is therefore invariant under the Weyl group of 
Q^^^ [HI. The appearance of a right-hand side in Eq. (|3.9p has, as will now be shown, 
a non trivial group-theoretical significance related to generators, which do not belong to 
this Cartan subalgebra but emerge in the non-linear realisation of Q^^^ . 

The solution Eqs. (j3.15|) . (j3.16|) and (j3.17|) satisfy, in ^-space, the relation Eq. (j3.8p . 
This relation define an embedding of a subgroup Q^'^^ of Q^^^ acting on the p compact 
space dimensions in which the branes live and on the time dimension ^Tj. We shall 
consider the subgroup of Q^^^ which acts on the space dimensions only and we take 
p < D — 4 so that is a Lie group. This group is conjugate by a Weyl reflection in 
of the group Q"p^^ obtained by deleting the first D —p—1 nodes of the gravity line 
[T7| and hence Q'^ is conjugate to its subgroup Q'^ characterising the usual dimensional 
reduction of Eq. ()2.1|l to D — p dimensions. 

We shall consider the transformations mapping one root to another root, thereby 
generating solutions of the same 'family' as the extremal solution just described. These 
transformations include the Weyl group W{Q^^^) of Q^^^ . We shall examine Weyl 
transforms of the extremal brane solution characterised by one positive step operator 
which send the positive root into a positive root. Such transformations leave invariant 
not only S but also preserves their quadratic truncation Eq. ()2.33p . Hence Eq. fl3.19|) is 
invariant under the Weyl group of Q^^^. The restriction to the Weyl group of Q'^ selects 
transformed fields with one time index. 

Thus W{Q^) leaves invariant the quadratic form 
^l{dp^''^? + \[-{j:dp^'^f + j:{drfHe,'de^^^^^^^ 

a=l ^ i=l u=l A 

(3.24) 

and the embedding relation Eq. (|3.8|) in ^-space. It acts on A-fields, or non-diagonal 
vielbeins, containing one time index. The sum of the first three terms is the invariant 
metric of Q^^^ restricted to its Cartan subgroup. Together with the embedding relation 
Eq. ()3.8p they are left invariant under the Weyl group of Q'p^^. The relevance of this 
invariance for extremal branes (for all simply laced Q^^^ algebras) and for intersecting 
brane configurations was pointed out in reference J7]. However no group-theoretical 
interpretation was provided for the appearance of the last term in the relation Eq. ()3.19p . or 
in the right hand side of Eq. (j3.9p . We see here that it arises from the Weyl transformations 
of the step operators and the additional terms in Eq. (|3.24p guarantee the invariance of this 
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relation under W{Q^). They allow, for all Q^^^, the generation by Weyl transformations 
of new solutions from one extremal brane solution. We stress again that in the present 
approach both electric and magnetic branes are described 'electrically'. 

In Appendix C, it is shown how well-known duality symmetries of M-theory are inter- 
preted in the present context, including the duality transformations of branes, KK waves 
and KK monopoles (Taub-NUT spaces). Such transformations are however not a privilege 
of M-theory and occur in all Q^^^ invariant actions. This is exemplified below, taking for 
definiteness the action S for the group Ej^^ which is related to the action 5* Eq. ()A.37|) 
of gravity coupled to a 4- and a 2- form field strength in 9 space-time dimensions. The 
Dynkin diagram of Ej'^^ is depicted in Fig.l, which exhibits the two simple electric roots 
(10) and (9) corresponding respectively to the step operators R^^'^ and which couple 
to the electric potentials Aygg and Aq (see Appendix A). 

We take as input the electric extremal 2-brane 6(3^9) in the directions (8, 9) associated 
with the 4- form field strength whose corresponding potential is Aigg and submit it to the 
non trivial Weyl reflection Wiq associated with the electric root (10) of Fig.l. We display 
below, both for 6(3 9) and its transform, the moduli, i.e. the vielbein components p^"-* and 
the the dilaton value 0, of the brane solution Eqs. ()3.16|) and ()3.17|1 as a ten-dimensional 
vector where the last component is the dilaton. We also indicate the transform of the 
step operator i?^^^ under the Weyl transformation^^. The transformed vector follows 
from Eq. ()A.45jl . We obtain 



-4,3,3,3,3,3,3,-4,-4;2v^)i^^^ 6(3,9) i?''' (3.25) 
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(-7,0,0,0,0,0,7,0,0;0)i^^^ kke(7) K\ (3.26) 

The transformed brane is, according to the analysis of Appendix B, a KK-wave in the 
direction 7, in analogy with the double T-duality in M-theory acting on the generators 
Eq.jnSl. 

We now move the electric brane through Weyl reflections associated with roots of the 
gravity line to 6(5,9) and submit it to the Weyl reflection Wiq. We now find that the brane 
6(5,9) is invariant but moving it to the position 6(5,6), we get 

(-4,3,3,3,-4,-4,3,3,3;2v^)^i^^^ 6(5,6) i?''' (3.27) 



^^In Appendix C the transformations of the step operators have been expUcitly computed for E^^^ . 



22 



(-1, 6, 6, 6, -1, -1, -1, -1, -1; 4v^) ^^^^^ m(5,6,7,8,9) R'''''' (3-28) 

This is a magnetic 5-brane in the directions (5, 6, 7, 8, 9) associated to the 2-form field 
strength ! It is expressed in terms of its dual potential Aisgygg. Submit instead 6(5 9) to 
to the Weyl refiection Wg associated with the electric root (9) of Fig.l. The transformed 
vector is now deduced from Eq. ()A.44jl . The 2-brane 6(5 9) is again invariant, but moving 
it to to the position 6(5 6), we now get 

(-4, 3, 3, 3, -4, -4, 3, 3, 3; 2V7) i^^^ 6(5,6) i?' 

IWg 

(-3,4,4,4,-3,-3,4,4,-3;-2v^)i^^^ 111(5,6,9) i?'''' (3.29) 

This is a magnetic 3-brane in the directions (5, 6, 9) associated to the 4-form field strength, 
expressed in terms of its dual potential 74i5 6 9. These properties are reminiscent of the 
double T-duality in M-theory acting on the generators Eq. ()C.83|) and ()C.84|) , but are more 
involved, due to the interplay of the 2- and 4- form field strength in the action Eq. ()A.37|) . 

Finally, let us submit the magnetic 5-brane 111(5,6,7,8,9) obtained in Eq. (j3.28j ) to the 
Weyl refiection Wg. One obtains 

(-l,6,6,6,-l,-l,-l,-l,-l;4v/7)i^ 111(5,6,7,8,9) R'''''' 



iWg 

(0,7,7,7,0,0,0,0,-7;0)i^^^ kk^(2,3,4;9) R''^''^'' (3.30) 
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Eq. ()3.30|) describes, as in M-theory under the transformation Eq. ()C.86|) . a purely gravita- 
tional configuration, namely a KK-monopole (see Appendix B Eq. ()B.74|) ) with transverse 
directions (2,3,4) and Taub-NUT direction (9) in terms of a dual gravity tensor /ii56789,9. 

It is also possible, as in Appendix C, to generate solutions not contained, at least 
explicitly, in the group Q^. These are very interesting solutions as they may test the 
significance of genuine Kac-Moody extensions of the Lie groups. Such analysis is outside 
the scope of the present paper where we test only solutions which can straightforwardly 
be mapped to space time solutions of the effective actions Eq. ()2.1|) . 

The above example illustrate the analogy of M-theory duality transformations with 
similar transformations in all 'M-theories' defined by all One may indeed carry the 

same analysis for all Q~^^~^, using the results of Appendix A, and exhibit for each of them 
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the 'duality' transformations of the branes. As in M-theory, these duahties are symmetries 
in non-compact space-time. This is because Q^'^^ is, as Q'^~^^, the Lie group symmetry of 
the action Eq. (j2.H) dimensionally reduced to three dimensions (for p = D — A). They differ 
because while the latter reduction leaves a Lorentzian non-compact space-time, the former 
leads to a Euclidean space-time by compactifying time. The group of transformations 
on ^-space discussed above, is thus in one to one correspondence with the group Q'^ of 
space-time transformations when time is decompactified. In particular, the functions H{C,) 
can thus be mapped into harmonic functions H{{x'^}). However as pointed out in the 
previous section, more work is needed to relate directly H{C,) to H{{x''}), and solutions 
in ^-space to solutions in space-time for all Q~^^~^, through translation operators hopefully 
induced by group generators, as suggested by Eg. ()H.22j) . 

4 Conclusion 

The basic concept underlying the present approach is the tentative inclusion of local 
symmetries in an infinite global symmetry. We find the results obtained in the present 
work indicative of the possibility of such an embedding whose consequences for consistent 
theories of gravity and matter may be far reaching. They would not require an explicit 
implementation of diffeomorphism and gauge invariance which should emerge dynamically 
and might lead to the inclusions of many new degrees of freedom. 

We have constructed in a recursive way invariant actions for all global symmetries 
^+++ Tj^gy gj-Q not defined in space-time but there are definite indications that the latter 
may emerges from Q^^^. Further work is necessary to ascertain wether or not generators 
of E^~^^ can be related to space-time translations and if some encoding of space-time can 
be generalised for all Q^^^. Exact solutions have been presented, which contain all the 
algebraic structure of extremal BPS charged brane solutions and BPS gravitational branes, 
namely Kaluza-Klein waves and KK-monopoles (Taub-NUT spaces). The transformation 
properties of these solutions put into evidence the general group-theoretical origin of 
'dualities' for all Q^^^, which apparently do not require an underlying string theory. 

These transformations also allow for solutions, alluded to in Section 3.3 and Appendix 
C, which are not related in an obvious way to Einstein's gravity. Such solutions occur when 
a step operator associated with a parameter of low level, which does have an interpretation 
in terms of a field of the oxidised theory, is mapped under Weyl transformation on a step 
operator of higher level. The significance of such solutions remains to be unveiled. Further 
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study should tell whether they fit into the framework of general relativity as we know it, 
or into some generalisation of it. Recall that the effective action of the bosonic string 
and of the bosonic sector of M-theory are maximally oxidised theories and hence can be 
extended to Q^^^ theories. One may hope that the degrees of freedom of string theories, 
possibly in the tensionless limit, have their counterpart in the Q^^^ theories. In such a 
perspective the present approach may constitute a first step towards a consistent theory 
of gravity which would encompass string theories and allow for different matter content. 
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A Q^^^ and Weyl reflexions 

A.l A'jjt'^ 

This case corresponds to pure gravity. Its Dynkin diagram is displayed in Fig.l. The rank 
of A^tt isn = D 

The simple roots of A'j^'t'^ are Em = if^m+i, m = 1, . . . ,n — l and En = i?^---"'" where 
^ai...a„_3,b jg totally anti-symmetric in its a indices and the part antisymmetrised in all 
its indices vanishes [3 EI- This generator of transforms under SL{D) according 

to Eq.dm, 

The Cartan generators in the Chevalley basis are given by [H] 

Hm = - a = l,...,n-l 

Hn = -{K\ + K\ + K%) + K^^. (A.2) 

The non-trivial Weyl reflexion Wn, namely the one which does not correspond to a simple 
root in the gravity line but to the simple root a„ has already be discussed in jH]. This 
Weyl reflexion induces the following changes on the parameters 

p/m _ p™ + (p4^^^^^pn-l^)^2p" m=l,2,3 

p'm ^ m = 4,...,n-l 

A.2 Bj^^2 

This non simply laced case has already been sketched in P|. Its Dynkin diagram is 
displayed in Fig.l. The maximally oxidised theory associated with -B^)!^ is characterised 
by the following action 



2.3! 



2.2! 

where / is given by 



}_^-(im^F^^Ff^- + C.s) , (A.4) 



1/2 



(A.5) 
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The rank n of -B^jl^ is n = D + 1. Thus one must add to the GL{D) generator K°'h 
a commuting generator R associated with the dilaton. In addition to the simple step 
operators K"^rn+i one has two other step operators and R^ '^ associated to the two 
simple roots, one short and one long, which do not belong to the gravity line. These 
generators belongs to the A^-i representations i?" and R°-^ --°-ri~5 \]iqX are respectively a 1 
and n — 5 rank anti-symmetric tensors. From Eq. ()2.8|) they satisfy the following equations 

[i?, i?"] = , = -l/^'^i-^n-s . (A.6) 

The Cartan generators of the Chevalley basis are given by 

= {K^m-K^^\+i) m = l,...,n-2 (A.7) 
Hn-i = -j^^{K\ + ... + K-\.,) + ^^^^K-\., + lR (A.8) 

Hn = -^^^^{K\ + . . . + K\) + j^^^^{K% + . . . K--\_,) - I R . {A.9) 

There are two non-trivial Weyl reflexions Wn-i and Wn corresponding respectively to the 
simple roots a„_i and 



The Weyl reflexion induces the following changes on the generators 

K'"^ ^ K^m a = l,...,n-2 

n-1 ^ n-1 — -tln-l 

which yield the parameter transformations 

1/ / r\\^ 



{D-2Y 2{D-2y 

(A.ll) 



{D-2) 
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The Weyl reflexion induces the following changes on the generators 

K^„, ^ m = l,...,4 

K^^ ^ K'^^-Hn m = 5,...,n-l 



R ^ R+\^H^. (A.12) 
which yield the parameter transformations 

P"" = P'" + + • ■ ■ - 2 pi 2) ^^ m = l,...,4 

p'- = + + m = 5,...,n-l 

A. 3 C^"^ 

The Dynkin diagram characterising this non-simp ly laced theory is given in Fig.l. The 
corresponding maximally oxidised theory is defined in four dimensions and is characterised 
by q different dilatons. The action is |^ 

S = I d^x ^-^(4) j ^(4) <9;.0"5'^0" - - E e"-'^F^F°'^ 

1 j2e^.4Fl^^F^,^\ , (A.14) 



1=1 / 

where (Jq, = {2ej, e-,- ± Cj with j > i} and the Cj are g-dimensional vectors (0, . . . , 1, . . . 0) 
with the 1 at the i"^ position. For each dilaton 0" with u = 1 . . .q one introduces a 
generator Ru commuting with the K""},. 

The simple roots which do not belong to the gravity line are of two kinds. First there 
are the electric roots of the one-form field strengths F" with a such that cTq, = Cj+i — 
with i = 1 . . .g — 1 and aa = 2ei. We associate with these roots respectively q — I 
generators denoted Sj with j = 1, . . . ,q — 1 and a generator Sq. They are in a scalar 
representation of A^. Second there is the magnetic root associated to the two-form field 
strength F2 with dilaton coupling e^. We associate with this simple root a step operator 
R'^ which belong to a vectorial representation of A3. 
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To summarise we have the following simple step operators for Cq_^i^ 

= m = 1,2,3 

= , E,+, = S, j = l,...,g. (A.15) 

We deduce from the lagrangian Eq. ()A.14|) . knowing the electric or magnetic nature of the 
simple roots and Eq. (j2.8p . the following relations for u = 1, . . . , g 

[Ru, Sj] = —-{6u,q+i-j — Su,q-j) Sj j = 1, . . . , g — 1 

[Ru,Sq] = ~6u,iSq. (A.16) 

From the commutators Eq. ()A.16j) we can determine the Cartan generators in the Chevalley 
basis in terms of those the K-basis. We get 

= - Vi) m=l,...,3 (A.17) 

Hi = -{K\ + K\ + K\)+K\ + 2Rq (A.18) 

Hi+m = -2 Rg+i_rn + 2 Rg-rn m = l,...,g-l (A. 19) 

Hi+g = -2Ri. (A.20) 

We are now in position to describe the non-trivial Weyl reflexions 



Wa 



The Weyl reflexion corresponding to the simple root induces the following changes on 
the generators 

Km K a = l,...,3 

Rg Rg-^Hi, (A.21) 



which yield the parameter transformations 



^ pm^pi^^^g rn = l,...,3 
0"? = -2p^ 

0'" = 0" M = l,...g-1. (A.22) 
29 



W4+J, (j = l,...,g-l) 



Using Eqs. ()A.17|) - ()A.20|) one gets the Weyl reflexions W^+j for j = 1, . . .g — 1. Tliey 
induce tfie following transformations on the parameters 

p'^=pm m = l,...,4 

The others 0" are left invariant. These transformations interchange two neighbouring 
dilatons. 



^4+, 

Using Eqs. ()A.17|) - ()A.20|) one gets the Weyl reflexions W^+g. They induce the following 
transformation of the parameters 

r = r u = 2,...,q 

(j)'^ = (A.24) 
This is an ^-duality like transformation on the first dilaton. 

A.4 D+t+ 

The rank n is n = D + 1. There is thus a dilaton and its associated generator R. The 
Dynkin diagram characterising this theory is given in Fig.l. The corresponding maximally 
oxidised theory is defined in D dimensions and for = 26 it is the low-energy effective 
action of the bosonic string (without the tachyon). The action is 

S = Jd''x ^ {r^ - \d,cj>d^ct^ - ^e-'^F^^.F'^^'^) , (A.25) 

with / given by Eq. ()A.5|) . -Dji^ has already been discussed in the literature OCSIIHI and 
in particular the non-trivial Weyl reflexions have been presented in |H|. We list here the 
results for sake of completness. 
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The Cartan generators are given by jH] (see [S] for the normahsation used here) 
= K'^^-K^+Vi m = l,...,n-2 

= -^^^^iK\ + ... + K',) + j^—^{K% + ... + K-\_,)-lR.{A.26) 

There are two non-trivial Weyl reflexion Wn-i and Wn corresponding respectively to the 
simple roots a„_i and They induce the parameter transformations 



P"" = P™+ p^*^ m = l,...,n-3 



- /(p"-' + p"-^) . (A.27) 



P'™ = P"^ + ^{P' + . . • - 2 p _ 2) ^^ m = l,...,4 

p'™ = P'"-;^(P' + ---+P""')+ m = 5,...,n-l 



(D-2) 



+ + (A.28) 



A. 5 E« 



The Dynkin diagram characterising this theory is given in Fig.l. The corresponding 
maximally oxidised theory is defined in eight dimensions and is characterised by one 
dilaton, a four-form and a one-form field strength. The action is given by jl] 

1 



2 4! Mi'o-p 



-^e^-^F^F^ + C.S.) . (A.29) 
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Once again there is a generator R associated to the dilaton and commuting with the 
K"'f,. In addition to the simple step operators of the gravity hne one has two other step 
operators i?^''^ and S corresponding respectively to the electric simple root of the four- 
form field strength and to electric simple root of the one-form field strength. The i?^^^ 
generator belongs to the Aj representation which is a third rank antisymmetric tensor 
j^abc obeying thus The remaining generator 5* is a y47-scalar. Considering the 

dilaton couplings in Eq. ()A.29|) and using Eq. (j2.8p . one gets the following commutators 

[i?, R'^^^] = 1 R^b'^ , [R, S] = -S. (A.30) 

Using Eq. ()A.30|) one can then express the Cartan generator in terms of the {K, i?)-basis. 
One gets 

= {K^m-K'^^'m,-i) m = l,...,7 (A.31) 
^8 = -\{K\ + ... + K\) + ]^{K\ + K\ + K\)+ R (A.32) 
= -2R. (A.33) 

There are two non-trivial Weyl reflexions Ws and Wg corresponding respectively to the 
simple roots as and ag. 



The Weyl reflexion induces the following changes on the generators 

K rn ^ K Ct = 1, . . . , 5 

^ K^^-Hs a = 6...8 



R R-^Hs, (A.34) 
which yield the parameter transformations 

p"^ = + + / + + ^0 m = l,...,5 

p"" = + m = 6,...,8 

(j)' = ^0- (p^+P^+P^). (A.35) 
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This Weyl reflexion gives 



p'- = m = l,...,8 

(A.36) 



which is an S'-duahty hke transformation. 
A.6 

The Dynkin diagram characterising this theory is given in Fig.l. The corresponding max- 
imally oxidised theory is defined in nine dimensions and is characterised by one dilaton, 
a four-form field strength and a two-form field strength. The action is given by |4| 



^ e-^^'t'F^^F^'^ + C.s\ , (A.37) 



2.2! 



with 

/ = . (A.38) 

One has a generator R associated with the dilaton and commuting with the K°'b- In 
addition to the simple step operators of the gravity line one has two other step operators 
^78 9 corresponding respectively to the electric simple root of the four-form field 

strength and to electric simple root of the two-form field strength. The R^^^ generator 
belongs to the Ag representation which is a third rank antisymmetric tensor R"-^'^ and the 
remaining generator R^ belongs to a Ag- vector R"^. Considering the dilaton couplings in 
Eq. ()A.37|l and using Eq. ()2.8j) . one gets the following commutators 

[i?, i?"''-] = -1 i?"^- , [i?, =IR\ (A.39) 

Using Ea. (IX39|l one can then express the Cartan generator in terms of the {K, i?)-basis. 
One gets 

Hm = (K™™ - iT'^+Vi) m = l,...,8 (A.40) 
H, = -^(K\ + ... + K%) + ^K\ + 2lR (A.41) 

Hw = -^-{K\ + ... + K\) + ^{K\ + K\ + K%)-lR. (A.42) 
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There are two non-trivial Weyl reflexions Wg and Wio corresponding respectively to the 
simple roots ag and aio- 



Wg 



The Weyl reflexion induces the following changes on the generators 

K'^m K"^m a = l,...,8 



R R-lHg, (A.43) 



which yield the parameter transformations 



p'- = + + m = l,...,8 

/9 1 9 6/ 

P = ^r-y0 

(j)' = ~(P-2lp\ (A.44) 



w 
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This Weyl reflexion gives 

p>m ^ pm ^^(^pl _ l^^^ m = l,...,6 

p"^ = + m = 7,...,9 

0' = + + (A.45) 

A.7 ^8+++ 

The Dynkin diagram characterising this theory is given in Fig.l. The corresponding 
maximally oxidised theory is the bosonic sector of eleven dimensional supergravity whose 
action is 

S = J d^'x ^^^) - ^F^.^^F'^-- + CS^ . (A.46) 

E^^^ has already been extensively studied in the literature [Ul El |H] and in particular 
the non-trivial Weyl reflexions have been presented in 0. Again we list them here for 
sake of completness. 
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The Cartan generator are given by [H] 



Hm = (K^m-K^+'m+i) m = l,...,10 

^^11 = -^{K\ + ... + K%) + ^{K% + K'\o + K'\,). (A.47) 

The non-trivial Weyl transformation Wu corresponding to the simple root an is 

K'\ = K\ a = l,...,8 

K'\ = K\ -Hu a = 9, 10, 11 . (A.48) 

P^' + lip'+P^'+p'') a = l,...,8 

P"- a = 9, 10,11. (A.49) 
A.8 F4+++ 

The Dynkin diagram characterising this non simply laced theory is given in Fig.l. The 
corresponding maximally oxidised theory is defined in six dimensions and is characterised 
by one dilaton, a one-form field strength, two two-form field strengths and two three-form 
field strengths. The action is given by jl] 

_ie-^<^F«F(^)'^" - lgi<^^^2)^(2)M. _ ie'-^F^F^ + C.s}j . (A.50) 

with 

l = V2. (A.51) 

One has a generator R associated with the dilaton and commuting with the K"-},. In 
addition to the simple step operators of the gravity line one has two other step operators 
and 5* corresponding respectively to the electric simple root of the two-form field 
strength F2 and to electric simple root of the one-form field strength. The R generator 
belongs to the vectorial representation and the remaining generator is a ^5 scalar. 
Considering the dilaton couplings in Eq. ()A.50|l and using Eq. ()2.8p . one gets the following 
commutators 

[R,R'^]=+^-R\ [R,S] = -^-S. (A.52) 
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yielding 



P 



P 



Using Eq. ()A.52|) one can express the Cartan generator in terms of the {K, i?)-basis. One 

gets 

= {K^m-K^^'m+i) m = l,...,5 (A.53) 
H, = -^{K\ + ... + K%) + ^K%+'^R (A.54) 

H-r = ~jR. (A.55) 

There are two non-trivial Weyl reflexions Wq and corresponding respectively to the 
simple roots and aj. 
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The Weyl reflexion induces the following changes on the generators 

K rn. K rn. CZ = 1, . . . , 5 



^6 



R ^ R - ^-He , (A.56) 



which yield the parameter transformations 



p'- = + + m = l,...,5 

1 3/ 

P = -^P 

0' = l<t^-jP'- (A-57) 



This Weyl reflexion gives 

p'- = m = l,...,6 

(j)' = -0, (A.58) 

which is an ^'-duality like transformation. 
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A.9 



The Dynkin diagram characterising this non simply laced theory is given in Fig.l. The 
corresponding maximally oxidised theory is defined in five dimensions with no dilatons 
and a two-form field strength. The action is given by jlj 

S = j (fx - ^^M-^^'^) + CS. (A.59) 

In addition to the simple step operators of the gravity line one has another step operator 
corresponding to the electric simple root of the two-form. The generator belongs 
to a vector i?". The Cartan generators are given by 

= - m = l,...,4 (A.60) 

= -{K\ + ... + K\) + 2K%. (A.61) 

The non-trivial Weyl refiexion corresponding to the simple roots yields the trans- 
formations 

p'^ = -p^ (A.62) 



B Description of the KK solutions 

B.l The i^'i^'-momentum solution 

We derive here the group parameters describing the i^i^-momentum solution in D di- 
mensions. It is a purely gravitational uncharged solution. 

The KK momentum solution in, say, the direction D is given by the metric 

D-l 2 

ds^ = -H-^ {dx^f + {dx^'f + H [dx^ + {H^^ - l)dx^] , (B.63) 

11=2 

where if ({x^}) with yU = 2...D — lisa harmonic function m D — 2 dimensions. In the 
triangular gauge the vielbein are given by 

en'' = 

= H-^ - . (B.64) 
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We now use Eq. ()2.23|) to find the moduli hj' describing the KK-momentum. For the 
diagonal components in the triangular gauge one has 



= = e-'^^' , (B.65) 

where i = 1 or D. We have thus the following non-zero moduli 

hi^ = -p^ = ^ In H, ho^ = -p^ = -^lnH, (B.66) 

and 

/i^i = -hD^. (B.67) 
The remaining non-diagonal vielbein gives 



-hi 



D 



i + ErT(-irME(^i'r(/^ 



f U D\n—a—l 



n=2 \a=0 



D 



(B.68) 



Using Ea. (lR67ll in Ea. (lR68l) one gets 



e,^ = -^^ie'^'-e-^-'). (B.69) 

Combining Ea. (lR69l) with Eas. (lR64ll and (lR66|l we find 

hi^ = \nH. (B.70) 

The i^K- momentum is thus entirely described by the three non vanishing group param- 
eters given in Eqs. ()B.66|l and ()B.70j) . 

B.2 The i^'K-monopole solution 

We will discuss here the group parameters describing the fCi^'-monopole solution in D 

dimensions. The i^i^-monopole solution, in the longitudinal directions {x^ , . . . , x^~'^) 
and Taub-NUT direction is given by the metric 

ds^ = - {dx'f + {dxy + ... + {dx^'-y + H-^dx"" + ^ 

1=1 

3 

+ iJ^c/x^-^+Mx^-^+S (B.71) 



i=l 
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where H a harmonic function in the 3 transverse dimensions and 

Fi,-^ = d^Af - djA^ = -e,,k dkH i = D-3,D-2,D-l. (B.72) 

The only non-zero field of this solution which does not correspond to a generator of the 
Cartan subalgebra may be taken to be the potential hi2... 0-40,0 of a field dual to F^^. 
This yields an 'electric' description of the ii'ii'-monopole. 

To see this let us first consider the diagonal vielbein. From Eq. ()B.71|l the non-trivial 
ones are given by 

ei = i = D-3,D-2,D-l, (B.73) 

and the corresponding moduli p^""^ = —ha"" = InCa" are 

= 

= i = 2...D-4: 
p' = -\nH i = D -3,D -2,D -1 



2 

2 



p^ = --InH. (B.74) 



The non-diagonal vielbein are 

ei^ = H-^Af' or Af = e,^ (e-^) 0° t = D - 3, D - 2, D - 1 . (B.75) 
One defines a field strength dual to F^^ 

^pi...D-, kD,D ^ '^^^■^F,/. (B.76) 

Using the Bianchi identity on the RHS and Eq. ()B.72jl one gets the equation of motion for 
the H-&e\d, 

dk^F^-^-^^^^^ = Y,dAH = Q i = D-3,D-2,D-l. (B.77) 

i 

The vielbein matrix and its inverse, evaluated from Eqs. ()B.73|) and ()B.75|) yields goo = 
(yf** = H~^, g^^ = i ^ j and y/—g = H. Inserting these values in Eq. ()B.76|) and using 
Eq. ()B.72|l we see that the quantity hi2... 0-40,0 given by 

hi2... 0-40,0 = ei2...D-4D i^/H) (B.78) 

is the potential of the dual field strength -F12...D-4 ko,o- 
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C Step operators and "dualities" in £^8^^^ 

In Section 3.3, it has been proven that for all Q^^^, BPS solutions transform into each 
other under Weyl transformations of Q^^^ . These transformation appear in the non- 
compact dimensions as duality symmetries. BPS solutions are characterised by only one 
field associated to one step operator in addition to the moduli associated to the Cartan 
generators. This is a consequence of the fact that all the BPS branes are always described 
as electrically charged in Q^^^ . The transformations of BPS solutions under Weyl re- 
flexions is thus entirely determined by the Weyl transformation of the step operators. In 
this Appendix, we illustrate this fact in the familiar case of M-theory, i.e. Q^^^ = Eg^^ 
where the only non-trivial Weyl reflexion is associated with the electric root an (see 
Fig.l). This transformation has furthermore an interpretation in type IIA in terms of a 
double T-duality in the (9) and (10) directions followed by an exchange of the two di- 
rections. We shall thus compare the mapping of step operators by Weyl transformations 
with these duality transformations. 

We recall that the step operators corresponding to the simple roots of Eg~^^ are 

Em = K"'m+i a = l,...,10 and Eu = R^^^^K (C.79) 

They satisfy Eq. ()2.4|l and Eq. ()2.7j) . Recall that the representations of Aio occuring up 
to level 3 are (0, 0, 1, 0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1, 0, 0, 0, 0) and (1, 0, 0, 0, 0, 0, 0, 1, 0, 0). 
The corresponding fields and generators are /if," and K^a at level 0, Aabc and R"'^'^ at level 
1, Aabcdef and R"'^'^^} at level 2 and finally ha^,,,as„b and i?"i-- "8,b 3 which are totally 

antisymmetric in the a indices and the antisymmetrised part in all its indices vanishes 
jniE]. In the normalisation Eq. ()2.9|) we have the following relation between the operators 
of level 1 and level 2 

The action of the electric Weyl reflexion Wu on the Cartan subalgebra is given in 
Eq. ()A.48|) . On the positive generators belonging to GL{D), one gets, using Eq. ()2.4p and 
Eq.dZID, 





= 


i < j 


< 8 




= K\, 












K'\o 




— R^^^*^ 


i = 


1...8 



11 

ill 9 



R'''" 1 = 1... 8 (C.81) 

(C.82) 
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These transformations are in agreement with the interpretation of Wu as a double T- 
duahty plus echange in the (9) and (10) directions. Indeed in type HA a non-zero hi^ 
or hi^^ corresponds to a i^i^-momentum in the (9) or (10) direction (see Appendix B). 
Performing the double duality plus the exchange give a IF in the (10) or (9) direction. 
Uplifting back to M-theory this gives a M2-brane in (1011) or in the directions (911) 
described by a non- vanishing Anon or Aigu which is consistent with Eq. flC.81|) with 
i = 1. Similarly a non-zero hi^^ describes in type HA to a DO brane which gives after the 
duality and uplifting a M2-brane in the (9 10) directions, in agreement with Eq. ()C82|) . 

The transformations of the remaining under Wu give 

p/91011 _ p 

-rt — -rtgioil 

j^Hja ^ _pnja ^,j<8, a>8 (C.83) 

^>ijk ^ ^*ife9ioii i^j^k<8. (C.84) 

The first relation simply states that under Wu, an is the only positive root mapped 
to a negative one. The second and third relations are consistent with the T-duality 
interpretation on the branes. Consider first Eq. ()C.83|) with a time index. The non zero 
Alia describes an M2-brane in the (m) directions. There are two cases to distinguish: 
a = 11 and a = 9 or 10. If a = 11 it corresponds in the HA language to a IF in the (z) 
direction which is indeed invariant under the double T-duality plus exchange. In the case 
a = 9 we have a D2-brane^^ in the (id) directions which upon the double T-duality in the 
(9 10) directions gives a D2 in (ilO), and the exchange of the (9) and (10) directions gives 
back the original D2. The uplifted M2 is thus invariant and Eq. ()C.83|) is consistent with 
the duality picture on the M2 brane. Consider now Eq.jnSH) with atime index. The M2 
brane lying in the {ij) directions is described by a non zero Auj. This M2 yields a D2 in 
type HA that under the double T-duality plus exchange is mapped onto a DA brane in 
the direction (ij 9 10). When uplifted to 11 dimensions it yields an M5 in the (ij 9 10 11) 
directions described by a non- zero AujQiou, in agreement with Eq. ()C.84|) . 

We finally analyse the transformations of the remaining /^'^'"=de/ ^j^^gj^ Wu. We get 

j^Hjklab ^ J^^jMab i^j<S, a>8 (C.85) 

j^njHrna ^ ^tjklmbca,a i^j^k<8 a ^ 6 ^ C> 8. (C.86) 

Note first that we did not list the transformation of R"-^-"-^' with all the six indices < 8. 
These yield operators of level 4. The associated parameters do not have an obvious 
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The same argument can be repeated for a = 10. 
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interpretation in terms of eleven-dimensional supergravity fields and their interpretation in 
terms of branes has not yet been clarified. This is not too surprising because it corresponds 
in the usual U-duality discussion of M-theory to a case where the transverse non-compact 
space is of dimension two and where the significance of the U-duality orbits is unclear 

EH- 

Consider first Eq. ()C85|l . This equation implies that an M5 with two longitudinal 
directions (9), (10) or (ll)is invariant under the Weyl transformation. There are two cases. 
First, none of the two directions is (11). In type HA one has then a NS5 longitudinal 
in (910), which is indeed separately invariant under the double T-duality and under 
the exchange. Second, one of the two directions is (11). In this case upon dimensional 
reduction one gets a D4 along one of the two (9), (10) directions, which is also invariant 
under the conjugate action of the double T-duality and of the exchange of the (9) and 
(10) directions. 

We now consider Eq. ()C.86|) . It is relevant for an M5 with only one longitudinal 
direction (a) along (9), (10) or (11). The case a = 11 corresponds in type HA to a D4. 
Performing the double T-duality plus exchange one gets a D6 which is uplifted in M- 
theory to a KKQ monopole with a = 11 as the Taub-NUT direction. The case a = 9 (the 
discussion is similar for a = 10) corresponds in type HA to a NS5 brane with a = 9 as 
one of its longitudinal directions The T-duality in the longitudinal direction a = 9 leaves 
the NS5 invariant but the T-duality in the transverse (10) direction maps the NS5 onto 
a KK5 monopole with (10) as the Taub-NUT direction. Finally, the exchange (9) ^ (10) 
selects a = 9 as the Taub-NUT direction of the KK5. Thus the interpretation of the Weyl 
reflexion Wu as a duality is consistent with the electric description of the i^'i^'6-monopole 
of M-theory in terms of only one non- vanishing field of level 3, namely the field hty^...yQb,b 
associated to the step operator R^y^--y(ibfi with t/i as the longitudinal coordinates and b 
as the Taub-NUT direction. The KK-monopole being a purely gravitational solution, it 
does not depend on the possible presence of form field strengths and may, for all 
be similarly characterised by a field hty^,„yj^_^b,b with yi as the longitudinal coordinates 
and h as the Taub-NUT direction. 
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